Abstract. A differential geometric characterization of the braid-index of a link is found. After multiplication by 2π, it equals the infimum of the sum of total curvature and total absolute torsion over holonomic representatives of the link.
Introduction
Let C k denote the disjoint union of k circles. An isotopy class of embeddings C k → R 3 will be called a (k-component) link. A 1-component link will be called a knot.
A collection of loops c : C k → R 3 is holonomic if it arises as the 2-jet extension of a function f : C k → R. That is, in coordinates (x 1 , x 2 , x 3 ) on R 3 , c(t) = (f (t), f ′ (t), f ′′ (t)), t ∈ C k . Vassiliev [7] introduced holonomic loops in knot theory and proved that any tame link has a holonomic representative. Later, Birman and Wrinkle [2] proved that if two holonomic embeddings C k → R 3 are isotopic then they are isotopic through holonomic embeddings.
The curvature κ(L) and curvature-torsion (κ + τ )(L) of a link L are the infima of total curvature and of the sum of total curvature and total absolute torsion, respectively, over all embeddings representing L. These invariants were defined by Milnor [4] , [5] . He proved that if L is any link then κ(L) = 2π bridge(L), where bridge(L), the bridge-index of L, equals the minimal number of over-arcs in a linkdiagram representing L, and (κ + τ )(L) is an integral multiple of 2π.
Further results on the curvature-torsion invariant were found by Honma and Saeki [3] . They proved if L is any link then (κ + τ )(L) ≤ 2κ(L) − 2π and showed that the difference between 2π braid(L), where braid(L), the braid-index of L, equals the minimal number of strands in a closed braid representing L, and (κ + τ )(L) may be strictly positive (and actually arbitrarily large).
In this paper, we shall study the holonomic curvature κ hol and holonomic curvature-torsion (κ+τ ) hol . For a link L, κ hol (L) and (κ+τ ) hol (L) are the infima of total curvature and of the sum of total curvature and total absolute torsion, respectively, over all holonomic embeddings representing L (see Section 2).
Theorem 1. For any link L,
Theorem 1 is proved in Section 3. It gives a differential geometric characterization of the braid-index.
where 2A is the area on the unit sphere S 2 = {(x, y, z) ∈ R 3 : x 2 + y 2 + z 2 = 1} of the region defined by the inequality y 2 − 4xz > 0.
Theorem 2 is proved in Section 4. The constant A = (1.29 . . . )π can be expressed in terms of elliptic integrals. For links L with bridge(L) = braid(L) the inequalities (1) are equalities. Hence, the upper bound in (1) is best possible. So is the lower bound:
Proposition 1 is proved in Section 6. Knots with properties as stated in Proposition 1 are defined in Section 5.
Theorem 2 gives rise to the following question:
for all links L?
An affirmative answer would give a differential geometric characterization of the difference between braid-and bridge-index. A negative answer would give a new link invariant: κ hol − 2π bridge.
The space E hol of holonomic embeddings C k → R 3 is a subspace of the space E of all embeddings . The result of Birman and Wrinkel mentioned above implies that the inclusion E hol ⊂ E induces an isomorphism on π 0 . Theorems 1 and 2 shows that there are (in a sense large) open subsets of E which do not intersect E hol .
2.
Holonomic curvature and curvature-torsion 2.1. Holonomic curvature. If c is a continuous closed space curve we denote its total curvature, as defined in [4] , p.251, by c κ ds.
Lemma 1. Let c be a continuous closed space curve. Then
where dA is the area form on the unit sphere S Proof. This is Theorem 3.1 in [4] . Remark 1. Equation (2) could be taken as definition of total curvature.
Remark 2.
If c is a space curve with continuous unit tangent vector e 1 then the total curvature of c equals the length on the unit sphere S 2 ⊂ R 3 of the curve traced out by e 1 .
If c is a twice continuously differentiable curve with everywhere defined curvature function κ then the total curvature of c equals the integral over c of κ ds, where ds is the arclength-element. We shall be concerned with holonomic curves and so would like to describe the set of functions f : C k → R with 2-jet extensions which are non-degenerate curves. 
be coordinates on the jet-space J 4 (S 1 , R) and let N be the locus of the equations
. The non-singular part of N is a submanifold of codimension 2 and the singular part of N equals V 1 ∪ V 2 where V 1 is the locus of x 2 = x 3 = x 4 = 0 and V 2 the locus of
Applying the jet-transversality theorem, the proposition follows. 
Proof of Theorem 1
Let (x 1 , x 2 , x 3 ) be coordinates on R 3 and let j ≥ 1 be an integer. Let f : C j → R be a generic (as defined in [7] , Proposition 1, (i), (a)) and torsion-generic function such that the embedding c :
Let n be the number of local maxima of f . By performing a sequence of holonomic second Reidemeister moves (more precisely, moves as shown in [7] , Fig. 1e ) we can assure that any local maximum of f is larger than the largest local minimum. The projection of the holonomic curve of f onto the x 1 x 2 -plane, endowed with over/under-information, is then a closed braid on n strands. Thus, n ≥ braid(L). Since the linking number of c and the x 1 -axis is −n, it follows from [5] Theorem 3 that
Noting that the set of generic functions is open and dense in the space of all functions
Theorem 1 in [2] implies that L has a holonomic representative such that its diagram D in the x 1 x 2 -plane is the diagram of a closed braid on braid(L) strands. (The diagram D has all its negative crossings in the upper half-plane (x 2 > 0) and all positive ones in the lower.) It is clear that we can deform D into a new diagram D ′ which represents L, which is such that, when looked upon as a collection of plane curves, it has nowhere vanishing curvature, and which satisfies conditions (a)-(d) of Proposition 1, (i) in [7] . Then (ii) of Proposition 1 in [7] implies that D ′ is the diagram of a holonomic representative of L, associated to, say, g : C j → R. We may assume (see Lemma 2) that g is torsion-generic.
It will be convenient to look upon g as a function defined on a collection of intervals rather than on C k . That is, g :
Let k > 0 be a real number. Then the collection of holonomic curves (c(k)) (t) = g(kt), kg
approaches a collection of curves in the x 1 x 2 -plane with nowhere vanishing curvature and total tangential degree 2π braid(L). It follows that
Proof of Theorem 2
The last part of the proof of Theorem 1, implies that κ hol (L) ≤ 2π braid(L). To prove the other inequality
we use the following lemma:
at least 2n local extrema and only non-degenerate critical points. Then for almost every
has at least n local maxima.
Proof. Let a ∈ R be a coordinate on
The function f has at least n non-degenerate local maxima and n non-degenerate local minima. Between any two local maxima (minima) there is a local minimum (maximum). Thus, if a = 0 then g ′ a changes sign between the critical points of f and hence g a has at least n local maxima (minima). (The latter is of course also true for the case a = 0 and a = ∞, g ∞ (t) = f ′ (t).) Consider the plane curve t → c(t) = (f (t), f ′ (t)), t ∈ S 1 (which is regular since the critical points of f are non-degenerate). If t ∈ S 1 is a critical point of g a then the tangent line of c at c(t) is [−a, 1]. Moreover, t is a degenerate critical point of g a if and only if the curvature κ(t) of c at c(t) is zero.
Let T (t) ∈ RP 1 denote the tangent line of c at c(t). If κ −1 (0) = U ⊂ S 1 then T (U ) is exactly the set of critical values of the map T :
1 is a set of measure zero. Thus, for almost every a ∈ R, g a has at least n non-degenerate local maxima (minima).
Consider the function
It follows from the above that for almost every (a, b) ∈ R 2 , g (a,b) has at least n local maxima. The map
Taking preimages of the double cover
we obtain the statement in the lemma.
We now proceed with the proof of (3):
. . , C j be the components of C j . Let f i and c i be the restrictions of f and c, respectively, to C i . Let n i be the number of local maxima of f i and let n = j i=1 n i . Then, as in the proof of Theorem 1, n ≥ braid(L).
Since all critical points of a generic function are non-degenerate, Lemma 2 implies that for almost every direction v = (x, y, z) such that y 2 − 4xz > 0, µ(c i , v) ≥ n i . For v in the complementary region (y 2 − 4xz ≤ 0) such that the projection onto the orthogonal complement of v gives a generic link diagram (a set of full measure),
The knots K(m, j)
Definition 5. For j ≥ 1, define the knot K(2, j) to be the class of the (holonomic) embedding in Figure 1 .
Note that K 2,1 is the figure eight knot.
Definition 6. For j ≥ 1 and m ≥ 2, define the knot K(m, j) to be the connected sum of K(2, j) and m − 2 right-handed trefoil knots (see Figure 5 ).
Proof of Proposition 1
The proof is a combination of lemmas which are stated here and proved later.
Lemma 3. For m ≥ 2 and j ≥ 1, the knot K(m, j) satisfies bridge(K(m, j)) = m and braid(K(m, j)) = m + j.
Lemma 3 is proved in Section 6.1. To finish the proof, holonomic representatives of K(m, j) with total curvature arbitrarily close to Aj + 2πm must be constructed. When this has been done for m = 2 the other cases are easy. We therefore restrict attention to K(2, j). Before going into details, the argument will be outlined:
In Lemma 4, we construct a family of non-closed holonomic curves with the following two properties: First, any curve in the family can be closed in such way that the result is a closed holonomic curve arbitrarily close to representatives of K(2, j). Second, the infimum of the total curvatures of the curves in the family is Aj + 2π.
The curves in this family are however degenerate at the points where they have to be perturbed to give representatives of K(2, j). Hence, there is no guarantee that the required perturbation (even if it is very small) will give a small change in total curvature.
In Lemma 5, we overcome this problem: By deforming the above curves in a specific way, a new family of curves is produced. The new family have the properties of the old family and, in addition to that, its members are curves which are non-degenerate where they must be perturbed to give representatives of K(2, j). This non-degeneracy warrants that the total curvature is continuous under small perturbations.
Finally, we pick a curve in the new family with total curvature close enough to Aj + 2π and make a small enough perturbation. In Lemma 6 we prove that it is possible to close the perturbed curve in such a way that the result is a holonomic representative of K(2, j) with total curvature as close as required to Aj + 4π.
We now go into details: Let M ≥ 0 and let a 1 , . . . , a j be points in
For odd n ≥ 3, let f j,n : [0, M ] → R be a function which satisfies
which has constant derivative in neighborhoods of the endpoints of [0, M ], and which has associated holonomic curve is as in Figure 2 . (Note that the associated holonomic curve is non-closed). For k > 0, let c(j, n, k) be the holonomic curve associated to the function t → f j,n (kt), t ∈ 0, M k . Note that for n > 3, the curvature function of c(j, k, n) is not defined at the points ai k , where c(j, n, k) has contact of order n − 2 with a line in the x 3 -direction. 
, let c(j, n, k, δ) denote the holonomic curve associated to the function t → f j,n (kt) + δp(kt), t ∈ 0, M k . Clearly, the curve c(j, n, k, δ) is non-degenerate on
where 2B(a) is the area on the unit sphere of the region {(x, y, z) ∈ S 2 : |x| ≤ a or |y| ≤ a or |z| ≤ a}.
Lemma 5 is proved in Section 6.3.
Let q : [0, M ] → R be a function which satisfies
For β > 0, let c(j, n, k, δ, β) denote the holonomic curve associated to the function t → f (kt) + δp(kt) + βq(kt), t ∈ 0, M k . Fix a small δ > 0 such that c(j, n, k, δ) is non-degenerate along the support of t → p(kt). This non-degeneracy implies that the total curvature is continuous under small perturbation and therefore:
As mentioned in the outline above, we need to close the holonomic curve c(j, n, k, δ, β) so that the result is a holonomic representative of the knot K(2, j). It is easy to see that this is possible (see Figures 3 and 4) . The next lemma allows us to control the total curvature when closing the curve. 
The total curvatures of the holonomic curves associated to f and g respectively are smaller than π + α.
Lemma 6 is proved in Section 6.4.
We are now in position to prove Proposition 1: The statements about bridgeand braid-index is just Lemma 3.
Let ǫ > 0 be given. We must find a holonomic representative of K(m, j) with total curvature less than Aj + 2πm + ǫ. We start with the case K(2, j):
Choose a > 0 such that B(a) < Finally, we close c(k, n, δ, β) as in Figure 4 (we add the dashed part). If u in Figure 4 is small enough then the resulting holonomic curve is a representative of K(2, j). Using Lemma 6, we can assure that it has total curvature less than Aj + 4π + ǫ. This proves the Proposition for K(2, j). The general case follows by noting that it is possible to add m − 2 holonomic trefoils to a holonomic representative of K(2, j), with total curvature smaller than Aj + 4π + ǫ 2 , in such a way that the increase in total curvature is smaller than 2π(m − 2) + ǫ 2 (see Figure 5 ). If j third Reidemeister moves, moving all crossings except the three rightmost into the upper half plane are followed by j first Reidemeister moves removing the j uppermost crossings then the resulting (non-holonomic) embedding has exactly two maxima in the x 1 -direction. It follows that bridge(K(2, j)) ≤ 2 but K(2, j) is knotted. Thus, bridge(K(2, j)) = 2.
The bridge-index of the trefoil knot is 2 and hence bridge(K(m, j)) = m, by the additivity properties of bridge-indices.
Looking at the projection of the representative of K(2, j) in Figure 1 onto the x 2 x 3 -plane, we see that braid(K(m, j)) ≤ m + j.
A straightforward induction shows that the HOMFLY-polynomial P K(2,j) (z, v) of K(2, j), written as a Laurent polynomial in v with coefficients in Z[z, z −1 ], is of the form
where . . . indicate a Laurent polynomial in v with terms of degrees strictly between the degrees of the terms written out. The HOMFLY-polynomial of the right-handed trefoil is (2 + z 2 )v 2 − v 4 . Since the HOMFLY-polynomial is multiplicative under connected sum,
Now, for any knot K, braid(K) ≥ 1 2 v-span(P K (z, v)) + 1 (see Morton [6] ). Hence, braid(K(m, j)) ≥ m + j.
6.2. Proof of Lemma 4. Fix n. Let U (k) denote the union of intervals
As k → 0 the restriction of the curve c(j, n, k) to U (k), approaches parts of a plane curve with all its curvature concentrated at intersections with the x 1 -axis. In the limit, this part of the curve contributes 2π to the total curvature (see Figure 2) . On
, c(j, n, k) is a translate of the holonomic curve associated to
It is straightforward to see that the factor −k n does not affect the total curvature of this curve. Hence, in the limit as k → 0, the contribution to the total curvature from each of these parts of c(j, n, k) is
where b(n) is the curve (t n , nt n−1 , n(n − 1)t n−2 ), t ∈ R. We use Lemma 1 to evaluate the integral (5). For a unit vector v = (x, y, z), let h v (t) = xt n + nyt n−1 + n(n − 1)zt n−2 ,
It is straightforward to check that h v has one local maximum for almost every v such that y 
where |U denotes restriction to U . We are left with the image of I. On the intervals in I, t → f n (kt) + δp(kt) is a translate of the function t → −k n t n − δt 3 , t ∈ − 1 k , 1 k . Using Lemma 1 as in the proof of Lemma 4 we need to calculate the number of maxima of the function h v (t) = k n nt n−2 xt 2 + (n − 1)yt + (n − 1)(n − 2)z + δt xt 2 + 2yt + 2z , for v = (x, y, z) ∈ S 2 . Taking derivatives and assuming x = 0 we must calculate the number of zeros of the polynomial h ′ v (t) = k n nt n−3 t 2 + (n − 1) y x t + (n − 1)(n − 2) z x + 3δ t 2 + 2 y x t + 2 z x = k n nt n−3 g(t) + 3δr(t), where the last equality is used to define the quadratic polynomials g and r. 
